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Abstract. We study the "local" behavior of several relevant properties 
concerning semistar operations, like finite type, stable, spectral, e.a.b. 
and a.b. We deal with the "global" problem of building a new semistar 
operation on a given integral domain, by "gluing" a given homogeneous 
family of semistar operations defined on a set of localizations. We apply 
these results for studying the local-global behavior of the semistar Nagata 
ring and the semistar Kronecker function ring. We prove that an integral 
domain D is a Prtifer it-multiplication domain if and only if all its localiza- 
tions Dp are Prtifer ^-multiplication domains. 



Introduction 

Krull's theory on ideal systems and star operations was motivated by 
the construction of Kronecker function rings in a more general context 
than that of algebraic integers, originally considered by L. Kronecker. The 
theory developed by Krull requires some restrictions on the integral do- 
main, which has to be integrally closed, and on the star operation, which 
has to be e.a.b. |9| Section 32]. Semistar operations, introduced by Okabe 
and Matsuda 1171 . lead to very general theory of Kronecker function rings, 
also in case of non necessarily integrally closed domains (cf. 1181 . 1151 . 
HU, |6), El and El). 

Semistar operations are an appropriate tool for extending the theory of 
Prtifer domains and, more generally, of Prtifer ^-multiplication domains 
(cf. 1101 . 1161 and 1141 1 to the non necessarily integrally closed domains 
case. Let * be a semistar operation of finite type on an integral domain D 
(the formal definition is recalled in Section 1), then D is called a Prtifer *— 
multiplication domain (for short, P*MD) if each nonzero finitely generated 
fractional ideal I of D is *-invertible (i.e. (J/ -1 )* = D*}. In the semistar 
case, if D is a P*MD, then the semistar integral closure of D is integrally 
closed, thus, in the Krull's setting of e.a.b. star operations, we recover the 
classical situation that D has to be integrally closed 1131 . Several char- 
acterizations of Prtifer ^-multiplication domains were obtained recently, 
making also use of the semistar Nagata ring Na(Z?,*) and the semistar 
Kronecker functions ring Kr(D,*) (cf. |5|, HI, (U and fT2l ). 
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The starting point of this paper is the study of the localization of a P*MD, 
D, at any prime ideal (possibly, not quasi-*-prime, i.e. not a prime ideal P 
such that P = P* n D, since the localization at any prime ideal of this type 
is known to be a valuation domain). As a consequence of this local study, 
we obtain new examples of local P*MDs. 

One of the first results proved here is a characterization of a P*MD, D, 
through a local property, concerning the localizations of D at a family of 
prime ideals P of D, and a global "arithmetical" condition, concerning a 
finiteness property of the ideals of the type (aDnbD)*, see Theorem l2.9l We 
apply this result to characterize P*MDs as those domains such that the 
localization at any prime ideal P is a P*pMD (where * P isa semistar opera- 
tion canonically associated to * by "ascent" to D P ), see Theorem l3. 131 This 
result points out the important fact that Priifer multiplication-like proper- 
ties are really local properties and it opens the way for a local-global study 
of Priifer ^-multiplication domains. 

In order to realize these results we develop, preliminarily, a study on 
the behavior of semistar operations properties under localizations. In par- 
ticular, we show that finite type, spectral, stable, a.b. or e.a.b. properties 
on a semistar operation * transfer to the induced semistar operation *p, 
defined on D P , for any any prime ideal P e Spec(Z?). 

At this stage, it is also natural to investigate on the relationship be- 
tween the semistar Nagata ring Na(D,*) [respectively, semistar Kronecker 
function ring Kr(D,*)] and the Nagata rings Na(Dp,*p) [respectively, the 
Kronecker function rings Kr(£>p,*p)] (i.e., on the local behavior of the 
general Nagata ring and Kronecker function rings). In this context, we 
show that Na(D, ★) = n{Na(L> P ,*p) | P G Spec(D)} [respectively, Kr(D,*) = 
n{Kr(Z)p,*p) | P G Spec(D)}]; we observe also that the canonical inclu- 
sions Na,(D,-k) D \ P C Na(£)p,*p) [respectively, Kr(D,-k) D \ P C Kr(Z)p,*p)] are 
not equalities, in general. 

In the last section we deal with the "global" problem of building a semis- 
tar operation in an integral domain D by "gluing" a given family of semistar 
operations defined on D P , for P varying in a subset 9 of Spec(D). Since 
the description of this semistar operation is in part folklore (at least in the 
star setting), we deal specially with the problem of which properties, veri- 
fied by all the semistar operations defined on the localizations D P , transfer 
to the "glued" semistar operation defined on D. Among the other results, 
we prove that the finite type and stable properties pass on, in the case the 
representation D = C\{D P \ P G 9} has finite character. In order to glue 
semistar operations verifying other relevant properties, like e.a.b. and a.b. , 
we evidentiate some obstructions; in fact, this type of semistar operations 
we prove giving rise to a semistar operation of the same type under an 
extra condition, a sort of "stability under generalizations", denoted here 
by (|), see Theorem 14.61 Finally, we have included several examples in 
order to better illustrate the different constructions considered here and 
to show the essentiality of the assumptions in the main results. 
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1. Background 

Let us consider a commutative integral domain D with quotient field 
K. Let F(D) [respectively, F(D) and /(£>)] denote the set of nonzero D- 
submodules of K [respectively, fractional ideals and nonzero finitely gen- 
erated D-submodules of K]. Note that f(D)_C F(D) <^F(D). 

A semistar operation on D is a map *: F(D) — ► F{D), E ^ E* , such 
that 

(1) (xE)* =xE*; 

(2) E C F implies E* C F*; 

(3) ECE* and = (£*)* =: E**, 

for each + x e K and for all E, F e ^F(-D). 

When D* = D, we say that * is a (semi) star operation on D. The identical 
operation d D on D (simply denoted by d), denned by £? dD := £, for each 
E e F(D), is a (semi) star operation on D. If not stated explicitly, we 
generally assume that * is not the trivial semistar operation eo onD (simply 
denoted by e), where E e ° := K, for each E e F(D). It is easy to see that 
* 7^ e if and only if D 7^ if implies that D* 7^ if. 

A semistar operation * is of finite type, if for any E e F(D), we have: 

£*/ := u{F* \ F CE and F e /(D)} = E*. 

In general, for each semistar operation defined on D, as denned before, 
is also a semistar operation on D and */ < ★, i.e., for any E e F(D) we 
have E*i <ZE*. 

There are several examples of finite type semistar operations; the most 
known is probably the i-operation. Indeed, we start from the v D -operation 
on an integral domain D (simply denoted by v), defined as follows: 

E° := (E- 1 )- 1 = (D: (D: E)), 

for any E e F(D), and we set t D := (v D )f (or, simply, t = v/). 
Other examples can be constructed as follows: let T be an overring of an 
integral domain D and let *{ T j be the semistar operation on D, denned 
by E*m := ET, for each E € F(D), then * {T} is a finite type semistar 
operation on D. In particular, *{ D y = d and = e. 

In the following, we will construct several new semistar operations from 
a given one and we will show that most of them are of finite type. 

Let * be a semistar operation on D, we define the following set of prime 
ideals of D: 

IT := {P g Spec(L>) | P^(0) and P* n D ^ D}. 

It may be that ft* is an empty set but, in the particular case in which * 
is nontrivial of finite type, then n* 7^ 0. In fact, we have that each proper 
ideal I is always contained in a proper quasi-* -ideal of D, i.e. a proper 
ideal J of D such that such that J*C\D = J, and moreover (in the finite type 
case) each proper quasi-*-ideal of D is contained in a maximal element in 
the set T of all proper quasi-k-ideals; finally, maximal elements in r are 
prime ideals. We will denote by 

G(*) := Spec*(L>) := {Q e Spec(L>) | Q = Q* n D} 
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the set of all the quasi-*-prime ideals of D. 

If* is possibly not of finite type, we say that * possesses enough primes, 
if each proper quasi-*-ideal is contained in a quasi-*-prime ideal. As a 
consequence, for each semistar operation that possesses enough primes 
(e.g. a nontrivial finite type semistar operation), we have Max(lT) = Max(r) 
(and it is a nonempty set). We will denote simply by M(*) the set of all the 
maximal elements in T. 

After analyzing this situation, we ask about how to relate semistar op- 
erations and prime ideals. For any nonempty set II of prime ideals on D, 
we define a semistar operation * n on D as follows: 

E* n -.= n{ED P | Pen}, 

for any E e F(D). If II = 0, we set * := e; obviously, if II = {(0)}, then 
*n := e . Semistar operations defined by sets of prime ideals are called 
spectral semistar operations. 

If * is a finite type semistar operation, we define * sp := *m{*)> we have 
always that * sp < *. Of course, we can start from a general semistar 
operation *, in that case we have a new spectral semistar operation * := 
(*/) sp ; this is the biggest finite type spectral semistar operation in the set 
of all the finite type spectral semistar operations on D, smaller or equal to 
*. 

A semistar operation * is stable if (E n F)* = E* n F*, for each pair E, 
F e F(D); any spectral semistar operation is stable, and stable finite type 
semistar operations coincide with spectral finite type semistar operations. 

The semistar operation ★ can be also defined using the general Nagata 
ring Na(Z),*) associated to *. Indeed, if we define: 

Na(£>,*) := D[X] NM , 

where N(*) := {/ e D[X] | c(/)* = D*} is a saturated multiplicative subset 
ofD[X], then, for any E <= F(D), we have E* = £Na(L>,*) n K. 

Nagata ring has a parallel behavior to the general Kronecker function 
ring associated to a semistar operation *, defined as follows: 

Kr(D,*) = {| G K(X) | /, ge D[X] \ {0} and there exists O^he D[X] 

such that (c(/)c(/i))* C (c(g) c(h))*} U {0}. 

Note that Na(D,*) C Kr(Z),*) and a "new" finite type semistar operation 
can be defined on D by the Kronecker function ring by setting: 

F* a := FKr (£),★) fl K, 

for any F e f(D). This finite type semistar operation * a on D has another 
more arithmetic description, as follows: 

F*» = U{((FH)* : H*) \ H e f(D)}, 

for any F e f(D). Moreover, ★„ has a useful "cancellation" property: if 
E, F, G e f(D) and (EF)* C (EG)*, then F* C G*. A semistar operation 
satisfying this property is called an e.a.b. (= endlich arithmetisch brauch- 
barj semistar operation. In the previous "cancellation" property, if we take 
E e f(D) and F, G e F(D), a semistar operation having this modified can- 
cellation property is called an a.b. semistar operation. In general, we have 
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the following characterizations: a finite type semistar operation * is e.a.b. 
if and only if it is a.b. if and only if * = * a . 

A Kronecker function ring, and its "counterpart" the associated finite 
type a.b. semistar operation, parameterizes certain valuation overrings 
of D. A valuation overring V D D is called a ^-valuation overling of D if 
F* C FV for any F e f(D) (or, equivalently, if*/ < *{v}), then a finite type 
a.b. semistar operation * is characterized by the following property: 

F* = n{FV I V is a ^-valuation overring of D}, 

for each F £ f(D). 

We refer to 1 5 1 , and to the references contained in that paper, as a doc- 
umented source on semistar operations and on some of their properties 
briefly recalled above. 

The following notation shall be use throughout the text. For a nonempty 
subset A C Spec(D) of prime ideals of an integral domain D we define 

A 1 := {Q e Spcc(L>) | Q C P, for some P G A}, 

and we say that A is closed under generizations if A = A^. In the same 
way, for any prime ideal P e Spec(D), we define P^ := {P}^. 

2. Localizing semistar operations 

Let * be a semistar operation on an integral domain D and let K be the 
quotient field of D. For each P e Spec(D), we consider the inclusion D C 
Dp of D into its localization D P and the semistar operation * Dp , denoted 
simply *p, on D P , obtained from * by "ascent to" D P , i.e. E* p := E* p :— 
E*, for each E e F(D P ) ( C F(D) ). Note that if P = (0) then D P = K and so 
*p coincides with dx (= &k) on K. 

Our first goal is to study the transfer of some relevant properties from * 
to *p. 

Lemma 2.1. Let * be a semistar operation on an integral domain D and let 

PeS P cc(L>). 

(a) If * is a finite type semistar operation on D, then * P is a finite type 
semistar operation on D P . 

(b) If * is an e.a.b. [respectively, a.b.] semistar operation on D, then 
*p is an e.a.b. [respectively, a.b.] semistar operation on D P . 

Proof, (a) is a consequence of |5, Example 1 (e. 1)]. 

(b) We give the proof in the a.b. case; a similar argument shows the 
e.a.b. case. Let G, H e F(D P ) C F(D) and F G f(D P ) such that (FG)* P C 
(FH)* P . Since we can find F G /(-D) such that F = F Q D P , then we obtain 

(FqG)* = (FqD p G)* p C (F D p H)* p = (F H)*. Therefore, G* p = G* C H* = 
H* p , because * is a.b. □ 

If* is a finite type a.b. semistar operation on an integral domain D, then 
it is wellknown that * coincides with the semistar operation *y where V := 
y(*) : = {V D D | 1/ is a ^-valuation overring} and E* v := n{£F | FeV), 
for each £? G (5| Lemma 2.8 (d)]. 
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Corollary 2.2. Let* be a finite type a.b. semistar operation on an integral 
domain D. For each prime ideal P e Spec(D), we consider the (finite type 
a.b.) semistar operation * P on D P and the subset of overlings Vp := {V D 
D | V is a ^-valuation overling andD P C V}. Then V P is exactly the set 
V(*p) of the -k P -valuation overlings of D P , i.e. E* p := C){EV \ V G V(* P )} = 
n{EV\ V eV P }, for each E eF(D P ). 

Proof. We know already, from the previous lemma, that * P is a finite 
type a.b. semistar operation on D P . If V G V P and F e f(D), then 
(FD P )* P = (FD P )* C (FD P )V, thus Visa * P -valuation overring of D P . 
Conversely, if W is a *p-valuation overring of D P , then we have F* C 
(FD P )* = {FD P )* P C D P W = FW, for each F G /(£>), thus W (D D P ) is a 
★-valuation overring of D. As a consequence, for each F e f(D), we obtain 
that (FD P )* = (FD P )* P = n{FD P W \ W is a * P -valuation overring} = 
n{FV | V e Vp} = F* v p. The conclusion follows since *p is a finite type 
semistar operation. □ 

Proposition 2.3. Let * be a semistar operation on an integral domain D 
and let P G Spec(£>). If* = * (is a finite type stable semistar operation on D), 
then (is a finite type stable semistar operation on D P ). 

Proof. Note that if * is a stable semistar operation then, from the defini- 
tions of stability and of the semistar operation * P , it follows that * P is a 
stable semistar operation. The conclusion follows from Lemma 12. ll (al. 

We give another proof that describes explicitly the set Q(*p) of all the 
quasi-*p-prime ideals of D P in relation with the set Q(*) of all the quasi- 
*-prime ideals of D. 

To avoid the trivial case, we can assume that * ^ ep, and that P is a 
nonzero prime ideal of D. Note that * = *f, because * is a finite type 
semistar operation, and so * P = (*p)/ (Lemma 12. II (all. Let Q := Q(*) be 
the set of all the quasi-*-prime ideals of D then, for each F € F(D), we 
have F* = n{FD Q | Q e Q}, because * = * |8, Corollary 2. 1 1 (2)]. 

Assume that P e Q. Let E e F(D P ) C F(D), then 

E* p = E* = C\{EDq I Qe Q} = n{ED Q I Qe 3\{P}}n£C£, 

hence * P = dp P is the identical (semi)star operation on D P and so, obvi- 
ously, * P = d Dp = d Dp = *p. 

Assume that P £ Q. Let E e F(D P ) C F(D), then 

E* p = [ED P )* P = (EDp)* = n{ED P D Q \ Q e Q} = 

= {n{ED P D Q | q e Q }) n (n{ED P D Q I Q e Qi}) 

where Qj := {Q e Q | P n Q contains a nonzero prime ideal of D} and 
Qo '■= {Q £ Q I P HQ does not contain a nonzero prime ideal of D}. 

Note that if Q e Q , i.e. if P n Q does not contain a nonzero prime ideal, 
then D p Dq coincides necessarily with K, the quotient field of D. 

Assume that Q G Qi. It is wellknown that there exists a natural bijective 
correspondence between the set of prime ideals of DpDq and the set {H G 
Spec(L>) | H CPnQ}, hence L>pL>q = n{L>p | H CPnQ and i? G Spec(D)}. 
Moreover, note that the set S(P; Q) of all nonzero quasi-*-ideals I of D 
contained in P n Q is not empty (since at least H* n D is in 5(P; Q), if i? C 
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P n Q and H e Spec(D)). It is easy to see that the set of maximal elements 
S(P; Q) m ax of S(P; Q) is a nonempty set of prime ideals, with S(P; Q) max C 
Qi C Q and, furthermore, each prime ideal H, with H C P(lQ, is contained 
in some element of <S(P; Q) max - Thus, we can rewrite: 

E* p = EKn {n{ED H \ H C Pn Q andiJ e Spec(D), for Q varying in Qi}) = 
= n{EDjj | e 5(P; g) max , for Q varying in fii} = 
= n{ED H \HCP and H e Q}. 

Therefore it is easy to see that the set {HD P \ H C P and H e Q} coincides 
with the set Q(*p) of all the quasi-*p-prime ideals of D P , which "defines" 

*p, i.e. -kp — (*p). □ 

Remark 2.4. Note that the proof of the previous proposition shows the 
following statement: If * is a finite type spectral semistar operation on D, 
defined by a subset A C Spec(D) (i.e. * := *a]> then -k P is also a finite 
type spectral semistar operation on D P and it is defined by the set A P := 

{HD P | H c P, H e A} (i.e. * P = * Ap ). 

Remark 2.5. Let * be a semistar operation on D and P e Spec(iD), then we 
have the following diagram of semistar operations on D P . 

-k P 




{{*f)p)f = 




= (Wp) 

where the equalities are direct consequences of Lemma 12. II and Propo- 
sition 12.31 As a consequence of the proof of Proposition 12.31 we obtain 
that: 



P € Spec*' (D) 



Spec* p (D P ) = Specif (D P ) = 
= Spec { *f )r (D P ) = Spec w ^(L>p) . 



8 



M. FONTANA, P. JARA, AND E. SANTOS 



Indeed, if QD P G Spec w ^(D P ), then 

QD P = {QDp)(*1p nfl P = {QDpf HD P = 

= (n{QD P D„ | H G Spec*' (£>)}) n D P = (QD P )* P nD P C 
C QDpf] Dp = QD P . 

Let * be a semistar operation on an integral domain D. Assume that 
D is a P*MD, i.e. an integral domain such that each F G f(D) is a *y- 
invertible ideal, that is (FF^ 1 )** = D*. P*MDs are characterized in several 
different ways in |5, Theorem 1]: for instance, Dq is a valuation domain 
for each Q G M.(*f), where M(*f) is the (nonempty) set of all the maximal 
elements of Spec* f (D). A consequence of this fact is that I? is a P*MD if 
and only if it is a P*MD, since M(i) = M(*f) 1 5, Lemma 3 (g)]. 

Remark 2.6. Note that, if ^ a, b belong to an integral domain D, then the 
following equality holds: 

-L(aL>n6L>) = ((a,b)D)- 1 . 

Proof. Let x G aD n bD, then x = ax' = bx", for some x', x" G L>, thus we 
obtain that jfe = \x' = \x" . Henceforth, for each az\ +bz 2 G (a, b)D, we have 
^(azi + bz 2 ) = x"z\ + x'z 2 G D. Therefore G ((a, 6)L>)~ 1 . Conversely, let 
y G ((a, 6)L>)~ 1 , then = a;' and yb = x", for some x', x" G L>. Henceforth 
a6y = 6a;' = ax", and so a6y G (aD n 61?) . □ 

Lemma 2.7. Let * be a semistar operation on an integral domain D. As- 
sume that D is a P*MD. For each pair of nonzero elements a, 6 G D, there 
exists F G f(D) such that: 

{aD n 6L>)* = F* 

( in this situation, we say briefly that (aD n bD)* is an ideal of *-fmite type J. 

Proof. Recall that -^(aDDbD) = ((a, 6)D)" 1 and thus note that (aDDbD)* is 
an ideal of ^-finite type if and only if (((a, 6)D) -1 )* is a (fractional) ideal of in- 
finite type, i.e. there exists G G f(D) such that G* = (((a, 6)-D) -1 )*, (Remark 
12.61 . Since D is a P*MD, each nonzero finitely generated (fractional) ideal 
F of D is */-invertible and so (F^ 1 )* is also a (fractional) ideal of ^-finite 
type. Therefore, we conclude that (((a, 6)L>)~ 1 )* is a (fractional) ideal of 
★-finite type. □ 

The converse of this result holds if we add some extra conditions. 

Theorem 2.8. Let * be a spectral semistar operation on D defined by a set 
A of valuation prime ideals of D (or, equivalently, by a family of essential 
valuation overrings of D), i.e. E* := n{ED P \ P G A}, for each E G F(D), 
where D P is a valuation domain for each P G A. If for each pair of nonzero 
elements a, 6 G D, we have that (aD n bD)* is an ideal of ^-finite type, then 
D is a P*MD. 

Proof. Step 1. If I is a finitely generated ideal of D and a G D, with a^O, 
then (I n aD)* is an ideal of ^-finite type. 

The proof is based on an argument from 1191 . Set I := Ya=i a ^ an< ^ 
Ji := d,fln aD, for 1 < i < n. By the hypothesis ( J t )* is an ideal of *-finite 
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type. For each index i, 1 < i < n, let Fi be a finitely generated ideal of 
D such that (Ji)* = (Fi)*. Since Dp is a valuation domain and a D-flat 
overling of D, we have: 

(E, fi)* = (E, (^)T - (Ei(Ji)*)* - (E< 4)* = 

= n PeA (Ei(o<i> n oD)) £>p - n PeA (EiK- n aD)D P ) = 

= n PeA (Ei(0i^ P n aZ ^)) = n ^eA ((Ei a.i)D P n al?p) = 

= (n PeA (E l o<)Dp) n (np eA «Sp) = (Ei a ^)* n ( a ^)* = 

= 7* n (aD)* = (7 n «!))* (as * is stable). 

Step 2. Any finite intersection of nonzero principal ideals of D is an 
ideal of ^-finite type. 

Let oi, a2, . . . , at 6 flbea family of nonzero elements. We may assume 
that t > 2 and, by induction on t, we may assume that aiDda^DCi. . .C\a t -iD 
is an ideal of ^-finite type, i.e. there is a finitely generated ideal F of D such 
that (aiD n a 2 D n . . . n a t -iD)* = F* . Then, we have: 

(ai7>na 2 7>n ... no f 5)*= ((ai7»na 2 Dn ... n a t -iD)* n (a t D)*)* = 

= (F*n (a t D)*)* = (Fna t D)* 

and, by Step 1, this is an ideal of *-fmite type. 

Step 3. If I is a nonzero finitely generated ideal of D, then 7 _1 is a 
(fractional) ideal of ^-finite type. 

The case of an ideal I generated by two elements a, b € D follows im- 
mediately from Remark 12 .61 since we know already that (aD n bD)* is an 
ideal of ★-finite type if and only if (((a, 6)7J>) -1 )* is a (fractional) ideal of *- 
finite type. The conclusion follows from the assumption that (aD n bD)* 
is an ideal of ^-finite type. The general case of a finitely generated ideal 
7 := (xi, X2, ■ ■ ■ , x t )D follows from Step 2. In fact, without loss of generality, 
we can assume that a;, ^= 0, for each 1 < i < t, thus: 

r 1 = (D:I) = (D: ^ x,D) = ni< 2 < t (D : Xl D) = rii<i<t x^D, 
l<i<t 

and, if we write x^ 1 := ai/d, with a, and d nonzero elements in D, for 
1 < i < t, then: 

(ni<i< t 2^)* = (d _1 (ni<i< t o<X>))*= d- x (ni<i<t a l D)*= d~ x F* = (d^F)*, 

for some F £ f(D). 

Let 7 be any nonzero finitely generated ideal of D. By Step 3, we know 
that 7 _1 is a (fractional) ideal of ^-finite type. Since Dp is a valuation 
domain and a D-flat overring of D, we have: 

(7 7- 1 )* = n PeA (7 I-^Dp = r\ PeA (IDp I^Dp) = 

= n PeA (iD P (iDp)- 1 ) = n PeA D P = d*. 

We conclude that D is a P*MD. □ 

Theorem 2.9. Let * be a semistar operation on an integral domain D. Then 
the following statements are equivalent: 

(i) D is a P*MD; 

(ii) the following two conditions hold: 
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(a) for each subset 6 C Spec(D), such that* = Ag := A{* P | P G 6}, 
where P A & : = n{(ED P y p \ P e 6}, for each E e F(D), we have 
that Dp is a P* P MD, for each P G 6; 

(b) for any pair of nonzero elements a, b G D, we have that (aD n 
bD)* is an ideal of ^-finite type. 

Proof, (i) => (ii). We can assume that * = since the notions of P*MD 
and PiMD coincide (5j Section 3, Theorem 1] and * P = (*) P = *p (Propo- 
sition 123] . By Lemma \l. 71 we only need to show that condition (a) holds. 
More generally, we show that, under the assumption (i), Dp is a P* P MD, 
for each P e Spec(D). Let I Dp be a finitely generated ideal of Dp, with I 
a nonzero finitely generated ideal of D. Since D is a P*MD by assump- 
tion, there exists a finitely generated (fractional) ideal J of D such that 
{IJ)*t = {I J)* = D*. 

Assume that P e Q(*/) = Q(*) (since * = * implies that * = */). Then 
E*D P = ED P , for every E G F(D) (because * = *) hence, in particular, 
(IJ)*D P = IJDp = IDpJDp = Dp and thus ID P is invertible in D P (i.e. 
Dp is a valuation domain and so, trivially, it is a P*MD, for every semistar 
operation * on Dp). 

Assume that P G Spec(D) \ Q(*). Then (IJ)* = D* implies 1 e IJD Q , 
for each Q e Q(*); in particular 1 e UDq, for each Q e Q(*) such that 
Q C P (this set of prime ideals is nonempty, since each minimal prime 
ideal of a nonzero principal ideal of I? is in Q(*), for any finite type semistar 
operation *). Therefore, by the proof of Proposition 12.31 D C n{/JI?Q | Q G 
QW , Q C P} = {IJD P f p C (ID P JDp)* p = (IDpJDp)(* p )f , thus we obtain 
(ID P JDp) ( * p, >f = D* p and, hence, JD P is a (* P ) /-invertible ideal of D P 
(with * P = (* P ) /), i.e. Dp is a P* P MD. See also 111 Section 3, Theorem 1]. 

(ii) (i[. Note that, by (a), we have that, for each E e F(D), E* = P A e = 
n{(ED P f p I P G 6} = n{ n {(ED p )D q = ED Q \Q g M(^)} | P G 6}, where 
Dq is a valuation domain, for each Q e M(*p) and for each P g 6. By 
Theorem [2781 we deduce that D is a PiMD, i.e. D is a P*MD |5, Section 3, 
Theorem 1]. □ 

Remark 2. 10. From the previous proof it follows that: if D is a P*MD, then 
Dp is a P-kpMD, for each P G Spec(P) . In the next section, we will show that 
the converse holds. Furthermore, in Section 4, we will deepen the study 
of the semistar operations of the type Ael in particular, we will establish 
a natural relation between the semistar operation Aq (considered in Theo- 

rem !2.9l and the finite type stable semistar operation, (A ), canonically as- 
sociated to A e , where A e is defined as follows: P Ae := n{(PD P )* p | P G 6}, 
for each E G F(D). 

3. Compatibility with localizations 

Let D be an integral domain with quotient field K and let P G Spec(D). 
On the localization D P of D at P, we can consider the (semi) star operation 
vd p [respectively, the semistar operation v P := vp] p ] which denotes the 
(semi) star w-operation on Dp [respectively, the semistar operation on Dp 
induced by the the (semi)star u-operation vd on D]. If the conductor (D : 



LOCAL-GLOBAL PROPERTIES FOR SEMISTAR OPERATIONS 



11 



Dp) is zero, then (D P ) Vp = (D P ) VD = (D : (0)) = K, hence, in general, 
the (semi) star operation vd p (on D P ) does not coincide with the semistar 
operation vp (on Dp). 

Let us now relate vp and vd p in some particular case. 

As a special case of 1141 Lemma 3.4 (2)] we have the following: 

Lemma 3.1. Let D be an integral domain. For each F e f(D) and for each 
P e Spec(D), we have (FD p ) Vd p = (F VD D P ) v °p . n 

It is known that, if D is a PvMD, then D is a v-coherent domain in the 
sense of i.e. if I, J € f(D), then I" n J v is an ideal of w-finite type. Also 
in |3) there is the following characterization of v-coherent domains: D is a 
v-coherent domain if and only if, for each I e f{D), there exists F € f(D) 
such that I^ 1 = F v (i.e. I^ 1 is an ideal of w-finite type). 

Lemma 3.2. Let D be a v-coherent domain (in particular, a PvMD). For each 

F e f(D) and for each P e Spec(£>), we have (FD P ) v °p = F VD D P . 

Proof. Since we are assuming that D is a v-coherent domain, if I e f(D), 
then there exists F e f(D) such that I^ 1 = F VD (or, equivalently, I" D 
I ) . Now we localize both sides of the previous equality at P and we 
obtain: 

F VD D P = I~ l Dp = (I Dp)' 1 . 

Since F D = (D : F) = (D : F) VD , then (FD p ) Vd p = (D P : (D P : FD P )) = 
(Dp : (D : F)D P ) = (D P : I VD D P ) C (D P : ID P ) = (D : I)D P = I^Dp = 
F VD D P . Bv the previous Lemmal37Tl we know that (FD p ) Vd p = (F Vd D p ) Vd p, 
thus we conclude immediately that (FD p ) Vd p = F VD D P . □ 

Proposition 3.3. If D is a v-coherent domain (in particular, if D is a PvMD 
domain) then, for each P e Spec(D) andforeachF e f(D P ), wehave F v °p C 

Proof. For each F e f{D P ) (C F(D)) there exists F € f(D) such that F = 
F D P , then by using Lemma T3. 21 we have: 

F v °p = (F D p ) Vd p = F VD D P C 

C F^Dp = F VD = {D :{D : F)) = F Vp 

(note that the first equality in the second line is a consequence of the 
following general fact: if E e F(D P ), then (D : E) is also in F(D P ) and so 
E VD belongs to F(D P )). □ 

Remark 3.4. Let * be a semistar operation on D and, for each P 6 Spec(D), 
let *p be the semistar operation induced on Dp, defined in the previous 
section. For which properties (P) concerning (£),★) we have that (D P ,* P ) 
satisfies (P) ? 

A positive answer to this question was already given for the following 
properties: (a) * is a finite type semistar operation on D; (b) * is a stable 
semistar operation on D; (c) * is a finite type spectral semistar operation 
on D; (d) * is a finite type stable semistar operation on D (i.e. * = ★); (e) 
★ is an e.a.b semistar operation on D; (f) * is an a.b semistar operation 
on D\ ( g) D i s a P*MD, (cf. Lemma |2~T1 Proposition l2~3l Remark l2~4l and 
Remark l2~T0l . 
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In this ambit, a natural problem is to study the behavior of the general- 
ized Nagata ring and of the generalized Kronecker function ring in relation 
with the localization at any prime ideal P. We have the following: 

Proposition 3.5. Let * be a semistar operation on an integral domain D 
and let P e Spec(D). Then the following statements hold: 

(1) Na(D,*) D \p CNa(Dp,*p). 

(2) Na(D,*) = n{Na(L>p,* P ) | P € Spcc(P>)} = 

= n{Na(£>M,*M) I M e Max(D)}. 

(3) Kr( J D,*) D \pCKr(Cp,*p). 

(4) Kr(D,*) = n{Kr(L»p,*p) j P e Spec(P)} = 

= n{Kr(L> M ,* M ) | M E Max(P>)}. 

Proof. (1) Set Q := Q(*/). Recall from the proof of Proposition 12.31 see 
Remark HH that Q((* f ) p ) = {QD P \ Q C P, Q e Q}. Set simply Q P := 
C((*/) P ) and Qp := {Q e Spec(P>) | QP P e Q P }. Note also that Q = 
U{Qp | P e Spcc(D)}. We know that Na(£>,*)= Na(£>,*/) = n{D Q (X) \ Q e 
Q}.' Therefore N&(D,*)r>\p = (n{D Q (X) \ Q e Q}) D \p C n{P Q (X)p\ P | Q e 
2} = n{D Q (x) | Q e Q and Q c p} = n{£> Q pO | Q e Qp} = Na(P P , (*/) P ) 
= Na(Dp,*p). 

(2) Since Q = U{Q P \ P e Spec(P>)}, then Na(Z?,*) = n{D Q (X) \ Q e Q} = 
n{ n {-Dq(X) I Q e Qp} | P e Spec(C)} = n{Na(.Dp,*p) | P e Spec(P)}. The 
proof is similar for the Max(D) case. 

(3) We start by recalling, from Corollary 12.21 the following fact: A *p— 
valuation overring W of Dp is the same as a ^-valuation overring W of D 
such thatW D D P . 

We know that Kr(D,*) = (~){W(X) \ W is a ★-valuation overring of D}. 
Therefore, using Corollarvl2~2l the fact that W(X) D \ P = W D \ P (X) and that 
W D \ P is a valuation overring of D P , for each valuation overring W of D, 
then 

Ki(D,*) D \p = (0{W(X) I Wis a ^-valuation overring of P})p\p C 

C n{W(X) | W is a ^-valuation overring of D and D £>p} = 
— (~]{W(X)\W is a *p-valuation overring of D} = 
= Kr(D P ,* P ). 

(4) From the Corollarv l2.2l we deduce that {W\ W is a ^-valuation over- 
ring of D} = U { {W \ W is a ★ P -valuation overring of Z?p} | P e Spcc(L>)}. 
Therefore, we have that: 

Kr(D, *) = n{W(X) | Wisa ^-valuation overring of D} = 

= n{ n{W(X) | If is a *p-valuation overring of D P }\Pe Spec(P>)} 
= n{Kr(Dp,*p) | P e Spec(Pi)}. 

The proof is similar for the Max(-D) case. □ 

Next problem is to relate the Nagata ring or the Kronecker function ring, 
associated to a localized semistar operation, to the corresponding localiza- 
tion of the Nagata ring or of the Kronecker function ring, respectively. 
More precisely, 

Problem 3.6. Let D be an integral domain, * a semistar operation on D 
and P a prime ideal of D. 
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(1) Under which conditions on D and P, Na(D,*)mp = Na(Dp,*p) ? 

(2) Under which conditions on D and P, Kt(D,*) d \ p = Kr(D P ,-kp) ? 

(3) In case of a Prufer-k-multiplication domain is the answer to both 
questions positive ? 

We deal first with the Nagata ring. Without loss of generality, we may 
assume that * = For each prime ideal P e Spcc(D), we have the following 
picture of finite type stable semistar operations: 



where rj [respectively, rjp\ is the semistar operation on D[X] [respectively, 
on Dp[X]] "denned by the saturated multiplicative subset" iV(*) [respec- 
tively, N(* P )], i.e. E 7 ' := ED[X] N{it) = £Na(D,*), for each E e F(D[X]) 
[respectively, E r > p := ED P [X} N{ * p) = EN&{D P ,* P ), for each E e F(D P [X})], 
and <pp(r)) {or, simply, <p(r))) is the semistar operation on Dp[X] denned as 
follows: 

E*M := {z e K(X) | ip' 1 (E : Dp[x] zD P [X]) n N{k) £ 0} , 

for each E e F(D P [X]). Note that rj , r/ P and (p(r/) are finite type stable 
semistar operations. In general, we have tp(rj) < rjp. Indeed, given an 
ideal J C D P [X] satisfying (p~ x (J) n N(*) ^ 0, then there exists / e 
such that c(/)* = D*. hence (c(cp(f)))* p = (c(f)D P )* p = (c(f)D P )* = 
(c(f)*D P )* = (D*D P )* = Dp = D P P , thus tp(f) G AT(* P ). From this remark, 
we deduce immediately that E^ C for each £ e F(D F [X]). 

With this background, now we use some wellknown fact of hereditary 
torsion theories |2] or, equivalently, of localizing systems associated to 
semistar operations |4|. More precisely, we know that applying a finite 
type stable semistar operation is exactly the same as doing the localiza- 
tion with respect to the associated finite type hereditary torsion theory or 
with respect to the associated localizing system of ideals and, moreover, 
it is wellknown that it is possible to "interchange", in a natural way, two 
subsequent localizations of the previous type. Therefore: 

Na(D,*W = (W'W = (D[X} D \pf {,l) = (D P [X]fW C 
CDp[XY>'=Na(Dp,*p), 

since the localizing system of ideals of D[X] associated to r/ is the set 
F 1 := {I ideal of D[X] | I v = D[X}'^} = {I ideal of D[X] | I n N(*) ^ 0} 
and the localizing system of ideals of D P [X] associated to (p(r/) [respec- 
tively, rip] is the set T v(ll) := {ID P [X\ \ I ideal of D[X], (ID P [X])vW = 
D P [X}^} = {ID P [X] | 7 ideal of D[X], ID P [X]nN(*) f 0} [respectively, 
T r,p := {J ideal of D P [X] \ J rip = D P [X^ P } = {J ideal of D P [X] \ Jn 
N{* P ) + 0}] . 

To show that D P [X]^ and D P [Xy p are either equals or different we 
only need to compare the prime spectra associated to the finite type stable 



D 



D[X) 



D P [X] 
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semistar operations ^(77) and r\p, denned on Dp[X]. More precisely, 

Spec" p (£> P [X]) ={Qe Spec(D P [X]) | Q n iV(* P ) = 0} = 

= {Q € Spec(Z? P [X]) I for all g€Q, c(g)* ? (Dp)*} 

and 

Spec^(D P [X}) ={Qe Spec(^ P [X]) | p-^Q) n JV(*) - 0} = 

= {Q € Spec(D P [X]) | for all / e ^(Q), c(/)* ? D*} = 
= {Q E Spcc{Dp[X}) I for all / e ^ _1 (Q), there exists 

i? € Spcc*(L>) with c(/) C #}. 

Recall also that the prime ideals in Na(D,*) D \p = D P [X] V ^ [respectively, 
in Na(Z)p,*p) = D P [X] TIP ] are in a natural bijective correspondence with 
prime ideals in Spec v{v) {D P [X\) [respectively, Spec' ,p (D P [X])]. 
Finally, observe that, in general, Spec'' p (D P [X]) C Spec v{ri) (D P [X}), since 
if < * 2 are two semistar operations on an integral domain R, then 
Spec* 2 (R) C Spec* 1 ^). 

Remark 3.7. Let * be a semistar operation defined on an arbitrary integral 
domain D. Note that: if P E Spec* f (D), then Na(£>, *)d\p = Na(L> P ,*p). As 
a matter of fact, without loss of generality, we can assume that * = * and, 
in this case, PD P belongs to Spec^* p ^ '(-Dp) and so |5J Lemma 2.5 (f)]: 

Na(A*) D \ P = (n{A?P0 I Q e Spec*'(£))}) D . p = rjp(X) = Na(i?p,*p) . 



Proposition 3.8. If Z? is a Bezout domain then, for each P E Spec(D) and 
for each semistar operation * on D, we have Na(£>, *) D \ P = N&(D P ,* P ) (and 
Kr{D,*) DX p = Kr(D P ,*p)). 

Proof. If D is a Bezout domain, then c(g)D is a nonzero principal ideal, for 
any nonzero polynomial g e D[X}. Let Q E Spec v{,l) (D P [X}) , if Q £ P-D P [X] 
there exists f E Q\ PD P [X], and, without loss of generality, we may also 
assume that / e Im(yj) (i.e. / = {, with / e DpY]), such that c Dp (f) = 
c D (f)D P = Dp. Henceforth, c D (f) = sD for some s E D \ P. Therefore, 
| S D[X] and c D {L) = D. On the other hand, f e Q and thus | e ^(Q), 
which is a contradiction. As a consequence, we have Q C PDpf-X"] and we 
conclude that Spec^pppY]) = Spec 7 " 5 (Dp [X]). As we have noticed above, 
this fact implies that N&(D,*) D \p = Na(Dp,*p). The parenthetical equality 
follows from the fact that, for any Prufer domain D and for any semistar 
operation * on D, Na(D,*) = Kr(_D,*) |5, Remark 3.2], and so, in particular, 
Na(Dp,* P ) = Kx(D P ,*p), for each P E Spec(D). 

□ 

Next two examples show that the identity Na(D, *)d\p = Na(£)p, *p) does 
not hold in general. 

Example 3.9. Let D := Z[F] and let * := d be the identical semistar op- 
eration on D, i.e., E* := E, for any E E F(D). We consider the prime 
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ideal P := 2Z[Y] = 2D — (2). With the notation introduced in the previous 
Problem \3. 61 in case of the local domain f>( 2 ), we have: 

Spec'" 2 ' (D {2) [X]) ={Qe Spec(Z[F] (2) [X]) | Q C 21[Y] [2) [X]} C 
CS P cc^(( J D (2) )[X]) = 

= {Q G Spec(Z[F] (2) [X]) | for ail / e , there exists 

if G Spec(JJi) with c(/) C if}. 

As a matter of fact, if we take / := YX + 3 G D[X], then c(/) = (Y,S) ^ 
Z[y] = f>, hence there exists a maximal ideal H of D such that / G if [X]. 
In addition, ip{f) is not invertible in Dr 2 \[X] and ^(/) ^ 2Dr 2 \[X], hence 
there exists Q e Spec v(ri) (D (2) [X}), with Q ^ 2fJ> (2) [J£ r ], such that <p(/) G Q; in 
particular, Q ^ Spec ?7(2) (f>( 2 ) [X] ) . As a consequence, we have N&(D,*) D \ P = 
Na(D,d) D \ {2) ^ Na(£> (2) , d (2) ) = Na(£> P ,* P ). 

It is also possible to give a direct arithmetic proof of the previous fact, 
that is Na(D, d)u\( 2 ) ^ Na(D( 2 ), d(2))- We consider as before / := YX + 3 G 
£>[*], then <p(f) G £> (2) [X] satisfies c D(2) (<^(/)) = (Y,3)f> (2) = D (2) , hence 
ip(f) is invertible in Na(f)( 2 ), d( 2 )). If / is invertible in Na(f, <f)m(2)> then 
there exist ft G k G 2V(d) and b e D\(2) such that /ft = fc6. Since D 

is a factorial domain, let b = pip 2 ■ ■ -p t be a factorization in prime elements 
of b in D. For any pi we have either | / or pi | ft, hence we may find 
an identity of the following type: /ft' = kp x p 2 ■ ■ -p 8 , where ft' G D[X], s < t, 
p t \ ft', for any i = 1, 2, . . . , s. 

Case 1. If c(ft') = D, then c(/) = c(fh') = c(k)pip 2 ■ ■ ■ p s = p\p 2 ---p s , 
which is a contradiction, since c(/) is not a principal ideal of D. 

Case 2. If c (ft') ^ f), then there exists a maximal ideal H in D such that 
c(ft') C if. From /ft' = /cpip 2 • • -p s , with { ft', for any i = 1, 2, . . . , s, we have 
Pi ■ ■ -Psfh' = kpx ---ps, for some /' G D[X}. Therefore, c(f'h') = c(k) = D. 
On the other hand, c(f'h') C c(ft') C ff ^ D, which is a contradiction. 

From the previous argument we deduce that / is not invertible in the 
ringNa( J D,d) z , v(2) , and so Na(£>, d) D \ (2 ) Na(-D (2) , d (2) ). 

Example 3.10. Let D be an integral domain and assume that D possesses 
two incomparable prime ideals Pi and P 2 . Set P := P x and * := *{d P2 } (i- e - 
E* := EDp 2 , for each E G F(D)), then we have: 

N & (D,*) D \ P = (D[X} N( ^) DXPi = (D Pl [X]) NM 
N a (£)p,*p) = D Pl [X] N(i<Pi) . 

(For simplicity of notation, we have identified D[X], and N(*), with its 
canonical image in D Pl [X] ). We claim that D Pl [X] N ^) ^ D Pl [X] N ^ ) . 

We compare the two multiplicative sets N(*) and N(* Pl ); more pre- 
cisely, we show that there is a canonical injective map (D Pl [X]) N ^ — ► 
D Pl [X] N (+ p ^, which is not surjective. 

Note that if / G N(*) (C D[X\), then c(/)* = D*, hence (c(f)D Pl )*^ = 
(c(f)D Pi y = (D*D Pi y = D* Pi = D*£ , i.e. / G N(* Pl ). 

Let / G D Pl [X], then there is s' G D \ P x such that / = s'f with /' G D[X], 
then — without loss of generality — we may assume / G D [X]. 
If / G N(* Pl ) n D[X], then c{f)* p i = (c(f)D P J* = (D P J*. On the other 
hand, the finite type stable semistar operation * and the localization at Pi 
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commute, as they are defined by hereditary torsion theories of finite type. 

Therefore, we have c(f)*D Pl = (c(f)D Pl )* = (Dp,)* = {D*) D \ Pl . 

It is obvious that, in general, the previous equality does not imply c(/)* = 

£>*, i.e. / G N(*). In fact, if / G P 2 [X] \ Pi[X], then c(/) C P 2 \ Pi and 

c(f)D Pl = D Pl hence, in particular, c(f)*D Pl — (D*) D \ Pl . On the other 

hand, c(/)* = c{f)D P2 C P 2 D P . 2 g D P . 2 = D*, hence / N(*). 

Since / G N(* Pl ), then 1// G (D Pl [X]) N(itpi) , If l/f = h/k, for some h/k G 

D Pl [X] N (+), where h G D Pl [X] and k G iV(*), then hf = k e N(*). Therefore, 

c(/i/)* = c(fc)* = D* , which is a contradiction, as c(hf)* C c(/)* C P 2 L>p 2 ^ 

Z>p 2 - D\ 

Let us now consider the second question considered in Problem 13.61 
concerning the Kronecker function rings. Also in this case the answer is 
negative in general, as the following Example 13. 12| proves. First we give a 
positive example. 

Example 3.11. Let V a valuation overring of an integral domain D, with 
maximal ideal M, which is not essential (i.e. D P g y, where P := AI n V). 
Set * := (i- e - E* '■= EV, for each E G F(D)}. In this situation, ★ 

is a finite type a.b. semistar operation on D and P is the only maximal 
quasi-*-ideal of D. 

In this particular case, the description of the Kronecker function ring 
Kx(D,-k) is rather easy. Let a, b G V, we set as usual a \ v b if there 
exists v e V such that av = b and, for each / G D[X], we denote by a(f) a 
generator (in V) of the principal ideal c(f)V. Then, using also |6, Example 
3.6], we have: 

Kr(D,*) ={J | /,<?G£>[X]\{0}, witha(g) |va(/)}u{0} = 

= y(x). 

Therefore Kr(D,*)£>\p = Kr(_D,*), because each element 6 e O \ P is a unit 
in V (i.e. c(b)* = (bD)* = bV = V). 

On the other hand, Kr(Dp,*p) has a similar description: 

Kr(D P ,*p) = | /, 5 G£»[X]\{0}, 6, c G D\P with a(c 5 ) \ v a(bf)} = 
= V(X), 

and we conclude immediately that Ky(D p ,* p ) = Kr(D,*) = Kr(D,*)m P . 

Next we give a negative example for the Kronecker function rings case. 

Example 3.12. Let D := 7L\-J~^h\. Since D is a Dedekind domain, if d is the 
identical semistar operation on D, then Kr(D, d) = Na(D,d) = D(X). We 
take / := (1 + \/— 5) + (1 - \/~ 5)-^ G ^[^] an d we consider, for instance, the 
prime ideal P := (3, l + v^5)P | Q := (l + v^5, 1— v/^-D (= rad(2D)), Then, 
arguing for / as in Example 13/91 we obtain that D(X) D \ P = Kr(D,d) D \ P ^ 
Kv{D P ,dp) = D P (X). 

Note that this example produces also a negative answer to Problem 13 .61 
(3). 

We finish this section with a local characterization of P*MDs. Recall 
that P*MDs were characterized in |5|, using quasi-*/-prime ideals; here 
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we extend this characterization by using the whole prime spectrum. In 
particular, next result provides new examples of nontrivial local P*MDs, 
by taking the localizations of a P*MD at its prime non quasi-*/-ideals. 

Theorem 3.13. Let * be a semistar operation on an integral domain D. 
Then the following statements are equivalent: 

(i) D is a P*MD; 

(ii) Dp is a P* P MD, for each P e Spec(£>); 

(iii) D M is a P* M MD, for each M € Max(D); 

(iv) D N is a P* N MD, for each N e M(* f ); 
(v) D Q is a P* Q MD, for each Q e Q(*/). 

Proof. We already proved that (i) =>■ (ii) (Remark 12. 101 . Obviously, (ii) 
(iii), (v); and (v) (iv). 

(iii) (or (ii)) =>■ (i). Recall from |5| Section 3, Theorem 1 and Remark 2] 
that D is a P*MD if an d onl y if Na(£> ,*) = Kr(£>,*) and this last equality 
follows from Proposition 13. 51 (2) and (4). 

(iv) => (i). We have already observed (Remark 13.71 that N&(D,~k) D \ N = 
Na(-DAr,*Ar) and we know that Kr(D,-k) D \ N C Kt(Dn,*n), for each TV e 
M(*f) (Proposition 13 . 51 (31) . On the other hand, by assumption, Na(Djv,*jv) 
= Kr(I?Ar,*Ar), for each N G M(*f). From the previous relations and from 
the fact that Na(f, *) C Kr(£>, *), we deduce immediately that Na(f, *)d\n = 
Kt(D,*) d \ n , for each N € M(*f) The conclusion follows immediately, since 
Na(£>,*) = n{N&{D,*) DW | N € M(* f )} and Kr(D,*) = n{Kr(f»,*) z , VA r | TV e 



Remark 3.14. M. Zafrullah, in |20|, proves a different local characteri- 
zation of P*MDs in the particular case where * = v. More precisely, he 
obtains that a domain D is a PwMD if and only if (a) Dp is a Vv Dp MD for 
every prime ideal P of D and (b) for every prime iu-ideal Q of D, QDq is a 
£d q -ideal (about condition (b) see also Remark 14. 121 . As we have already 
observed at the beginning of this section, recall that vd p is different, in 
general, from v P . 



In this section, we deal with the converse of the problem considered in 
the first part of this paper, i.e., we start from a family of "local" semistar 
operations on the localized rings D P , where P varies in a nonempty set of 
prime ideals of an integral domain D , and the goal is the description of a 
gluing process for building a new "global" semistar operation on the ring 
D. 

Let D be an integral domain. Let P be a prime ideal of D and let * P 
be a semistar operation on the localization Dp of D at P. Then we may 
consider *p, the induced semistar operation on D defined as follows, for 
each E e T(D): 



Let 6 be a given nonempty subset of Spec(D) and let {* P \ P e 6} be 
a family of semistar operations, where *p is a semistar operation on the 




□ 



4. Inducing semistar operations 



E 



[ED P )* P . 
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localization D P of D at P. We define A := Ae,{* P } := Ae := A{* P | P e 6} as 
the semistar operation on D denned as follows, for each E e F{D), 

P A :=n{(ED P )* p | Pe9}. 

If 9 is the empty set, then we set A := A0 := en- Given a semistar operation 
★ on D, for each prime ideal P of D, we denote as usual by * P the semistar 
operation -k Dp on D P , deduced from ★ by ascent to D P (i.e. E* p := E* , for 
each E e F(D P ) Q F(D))\ in particular if * coincides with the semistar 
operation A := A e ,{* P } defined on D, we can consider a semistar operation 
Ap on Dp, for each P e 6. 
Note that: 

(a) for each P e 6, (E A D P )* P = [ED P )* P ; 

(b) for each P e 6, Ap < * P ; 

(c) A = A{A P I P e 6} = A{* p I Pe9}; 

(d) for each semistar operation * on D, * < A := A{* p I P e Spec(P)} . 

* 

(a) We remark that: E A = n{(ED P ,)*p' \ P' e 9} C (ED P )* P , for each 
P e 6. Therefore, we deduce that: 

(E A D P )* P C {{ED P )* P D P )* P = {ED P Dp)* p = (ED P )* P . 

The opposite inclusion is trivial. 

(b) , (c) and (d) are straightforward. 

Theorem 4.1. Let * be a semistar operation on an integral domain D. For 
each P e Spec(.D), denote as usual by * P the semistar operation * Dp on D P , 
induced from * by ascent to D P . Set A := A{* p | P e Spec(D)}. If* is a 

spectral semistar operation on D then * = A. 

Proof. Let A C Spec(P>) be such that ★ = * A . For each E e F(D), then: 

E* = (E*)* = (n{ED Q I Q e A})* d n{(ED Q y I Q e A} = 
= n{(ED Q yQ I q e A} = n{E*Q \ Q e A} d 
d n{E* p I P e Spec(P)} = P^ = n{(ED P )* p I P e S P cc(P>)} d e* . 

As for any P e A and any E e F(D) we have {ED P f := P\{ED p Dq \ Q e 
A} C ED P D P = ED P . □ 

Lemma 4.2. Z^et D be an integral domain and let P be a prime ideal of D. 
If * P is a spectral semistar operation onD P , defined by a nonempty subset 
Ap C Spec(Pp), then * P is a spectral semistar operation on D defined by 
the (nonempty) set A P := {Q e Spec(r)) | QD P e A P }. 

Proof. For each E e F(D): 

E* P — (ED P )* P — C\{(ED P ) H I H e Ap} = 

= C\{ED Q I QD P =: H e A P } = n{ED Q \ Q e Ap} = E* p . 

□ 

Corollary 4.3. Let D be an integral domain and let be a nonempty subset 
of 'Spcc(D). If* p is a spectral semistar operation on D P , defined by a subset 

Ap C Spec(-Dp), for each P e 6, and if A := A ,{* P } := A{* p | P e 0} is 
the semistar operation on D defined as above, then A is a spectral semistar 
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operation on D defined by the subset A := U{A p | P G 0} C Spec(D) (i.e. 
A = *a). 

Proof. This statement is a straightforward consequence of the previous 
Lemma l4~2l □ 

Lemma 4.4. Let D be an integral domain with quotient field K. Let be 
a given nonempty subset of Spec(D) and let {* P | P G 6} be a family of 
semistar operations, where * P is a semistar operation on the localization 
Dp of D at P. Assume that * P is a semistar operation of finite type and 
that the family {D P | P e 0} has the finite character (i.e. for each non 
zero element x e K, xD P = D P for almost all the D P 's). Then the semistar 
operation A := A e .{» P } := A {* p | P e 0} is a finite type semistar operation 
onD. 

Proof. Let E G F(D), recall that F A := n{(ED P )* p \ P G 0}. We want to 
show that if x e E A then there exists F C E, with F G f(D), such that 
x e F A . By the finite character condition, we may assume that xD P = D P , 
for all P G 9\ {P u P 2 ,...,P r }. Since x G n{(ED P )* p \ P e 0}, by the 
finiteness condition on the * P 's, we can find F t C E, with F. L e f(D), such 
that xD Pi C (FiD Pi )* p i C (ED Pi )* p i, for 1 < i < r, and {F, t D P )* p = {D P )* P , 
for each P e \ {Pi,P 2 , . . ■ ,P r } and each 1 < i < r. 

If we set F := Fx + F 2 + h F r , then we have that F C E, with F G 

/(D), such that FD P = D P = xD P , for each P G \ {Pi,P 2 , • • • , P-}. and 
(FD Pz )* p * D (FiD Pz )* p . D xD Pi , for 1 < i < r. We conclude that x G F A = 
n{{FD P )* p | P G 0}. □ 

Corollary 4.5. Let D be an integral domain, let be a nonempty subset 
of Spec(P) and let {* P | P G 0} be a family of semistar operations, where 
* P is a semistar operation on the localization D P of D at P e 0. We can 
associate to the semistar operation A@ := A e .{* P } := A{* p | P G 0} (defined 
on D) two semistar operations (both defined on Dj: As and A{*~p | P G 0} =: 
A e ,{fp} : =Aq. Assume that the family {D P \ P G 0} has the finite character, 
then: 

Ae = Aq. 

Proof. By the previous Lemma \4. 41 Aq is a finite type semistar operation 
on D, since *^ is a finite type semistar operation on D, because *p is 
a finite type semistar operation on Dp, for each P G 0, and the family 
{Dp | P G 0} has the finite character. 

Note that *p is a spectral semistar operation on D P , defined by the 
subset Ap := Spec'* p - >/ (Dp). In this situation, we know from Corollary 14 .31 
and Lemma \4. 21 that Aq is a spectral semistar operation on D defined by 
the set A := U{A p | P G 0} (C Spec(P)), i.e. A e = * A - Therefore, we 
deduce that A e = A Q , since A e is a finite type stable semistar operation l4l 
Corollary 3.9 (2)]. On the other hand, A e < Ae (because Jp" < * p , for each 
P G 0), thus we have also that A e = A e < Ae- Moreover, for each Q G A, 
QD P C (QD p y* p ^' n Dp ^ D P , for some P G 0. Since (A e ) f < [* P )f, then 
Q C Q( Aq )/ flD^D. From this fact, we deduce that Ae < *a = A Q and so 
we conclude that Ae = A . □ 
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Theorem 4.6. Let D be an integral domain, let be a nonempty subset of 
Spec(D) and let {* P | P e 0} be a family of spectral semistar operations, 
where * P is a semistar operation on the localization D P of D at P e 0, 
defined by a subset A P C Spec(L> P ). Set A p := {Q G Spec(D) | QD P G A P } 
and set A := A e .{* P } :=Ae. Assume that the family of spectral semistar 
operations {* P | P e 9} satisfies the following condition: 

(i) f or each pair of prime ideals P, P' e 0, with P' ^ P, then 

A P , nPkA p . 

Set A := {Q G Spec(L>) | QD P G A P , for some P G 0}. Then, the spectral 
semistar operation * := *a on D verifies the following properties: 

(a) for each P e 0, *p = * P (where, as usual, * P := * Dp ); 

(b) (*a =) * = A (= Ae) (hence, in particular, Ap = * P = * p , for each 
PeQ). 

Proof, (a) Fix P e 6 and, to avoid the trivial case, assume that P ^ (Q). Set 

6 := {P' G | P' fl P does not contain a nonzero prime ideal } , and 
0i := {P" e | P" n P contains a nonzero prime ideal }. 

Note that if P' G O , then D P D P > coincides necessarily with K, the quotient 
field of D; note also that P belongs to 0i. 

Assume that P" e ©i. We know that there is a bijective correspondence 
between prime ideal of D P D P „ and the set {H € Spcc(£>) | H <Z P" n P}, 
hence D P D P » = n{D H | H C P" n P and iJ e Spec(£>)} C if. Therefore, 
by assumption, for each P" e 0i, the set A p „ nP 1 c A p and so, for each 
G e F(p P ), (GD P n)*p" D (GD P )* P = G* F . Henceforth, for each nontrivial 
G e F(D P ), we have K D ^{{GD P ,,)*p" \ P" e ® x } = (GD P )* P = G* F ; 
therefore: 

G* p = G* = G* a = 

= n{ n{GD Q | qd h e A H } I h e 0} = 
= n{ n{GD Q \ QeA,QQH} \ H e®} = 
= n{(GD H )* H | iJe©} = 

= (n{(GD P ,)*p' | p' e ©o}) n (n{(GD P „)* p " \ P" e 0J) = 
= Kn (n{(GD P „)* p " | P" g 0i}) = 
= G* p . 

(b) If £ G F(D), then 

s* A =n{n{ED Q \ QD P eA P }\ PeQ} = 

= n{n{(ED P )D Q | Qi?P G Ap} I P G 0} = 

= n{(££>p)* f ' I Fe 0} = 

□ 

Next example shows that condition (JJ does not hold in general. Later 
(Example 14. 131 . we will give an example for which condition (J.) holds. 

Example 4.7. Let D be an integral domain and let be a nonempty subset 
ofSpec(D) and let {* P | Pe 0} be a family of semistar operations, where 
*p is a semistar operation on the localization D P of D at P G 0. Let 

Ap := Q((*p)/) = Spec ( * p)/ (Dp) be the set of aii the quasi-(* P ) / -prime 
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ideals of D P , for each P e 9. The family of spectral semistar operations 
{*p | P G 9} does not verify condition (J,). 

For instance, let D be a domain with two incomparable prime ideals Pi 
and P 2 containing a common nonzero prime ideal Q. Let * Pl := d (= do P ) 
be the identical semistar operation on D Pl , and let *p 2 := e (= ep, P2 ) be 
the trivial semistar operation on Pp 2 . We have that * Pl and *p 2 are both 
finite type stable semistar operations (i.e. * Pl = *pj" and *p 2 = *p^ ), with 
A Pi = {P e Spec(P) | P c Pi} and Ap 2 = {(0)}. The ideal Q produces a 

counterexample to condition (J.) . Indeed Q G A Pl fl P 2 and Q ^ A Pa . 

Moreover, set := {Pi,P 2 ,Q} and 0' := {Pi,P 2 }. Let * Pl and *p 2 be as 
above and let *q := e (= ep, Q ) (thus *q = *q is also a finite type stable 
semistar operation). Note that A Pl = {PD Pl e Spcc(P Pl ) \ P C P x }, A Pa = 
{(0) G Spcc(P>p 2 )} and A Q = {(0) G Spec(P> Q )}. In this situation, A := 
A Pi U A Po U Aq = {P e Spec(P) | P C Pi}. Therefore, it is easy to see that 
Ae = As' and it coincides with the finite type spectral semistar operation 
* := ★a, but (A s )q =*q = d Q < e Q = * Q . 

Theorem 4.8. Let D be an integral domain, let 9 be a nonempty subset 
of Spec(P>) and let {* P | P e 0} be a family of spectral semistar oper- 
ations, where * P is a semistar operation on the localization D P of D at 
P e 9, defined by a subset A P C Spec(Ap). Set A := A e .{» P ). Assume 
that {*p | P e 9} satisfies the condition (J.) and that *p is an e.a.b. [respec- 
tively, a.b.\ semistar operation on D P . Then the spectral semistar operation 
A (Theorem \4.6l (b)) is also an e.a.b. [respectively, a.b.\ semistar operation 
onD. 

Proof. Note that from the previous Theorem 14. 61 we have that Ap = * P , for 
each P e 9. Let F, G, H e f(D) and suppose that (PG) A C (PP) A . Then, 
for each P e 9, we have {FD P GD P )* P = {FGD P )* P = ((PG) A Pp)* f> C 
((PP) A P P )* P = {FD P HD P )* P . Therefore, for each P e 9, from the e.a.b. 
hypothesis on * P we have (GD P )* P C (HD P )* P . We conclude immediately, 
since we have that G A = n{(GP> P )* p | P G 9} C D{(HD P )* P \ P G 9} = P A . 
A similar argument shows the a.b. case. □ 

We apply next the previous theory to the case of the finite type stable 
(semi) star operation w := v canonically associated to the (semi) star opera- 
tion v. 

Corollary 4.9. Let D be an integral domain. For each P e Spec(D), let 

wd p ■= VDp be the finite type spectral (semi)star operation on D P , defined 
by the set Spec* Dp (D P ) of all the t-prime ideals of D P . If 

A := Hw Dp I P € Spcc(£)} 

then A is a spectral (semi)star operation on D defined by the following set 

w 

of prime ideals ofD: 

T := U{ {Q G Spcc(P) | QD P G Spec tDp (D P ) } \ P G Spcc(P)} , 
i.e. A = *r- 

w 

Proof. This statement is a particular case of Corollary 14. 31 □ 
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At this point, it is natural to investigate the relationship between the 
spectral (semi) star operation A (considered in the previous Corollary 14.91 

w 

and the finite type spectral (semi) star operation, wd ■= vd, on D defined by 
the set Spec* D (D) of all the t-prime ideals of D. We will see that, in general, 
they are different. 

Lemma 4.10. Let D be an integral domain. For any prime ideal P of D, 
we denote by t P the semistar operation (t D ) P of D P (defined by E tp := 

E tD = U{F VD = (D : (D : F)) \ F C E and F e f(D)},for each E e F(D P )). 
Let P be a prime ideal of D, we have that P e Spec* D (_D) if and only if 

PD P e Spec tp (D P ). 

In addition, for any prime ideal P, we have Spec*"^ (Dp) c Spec tp (D). 

Proof. (=>). Assume that, for some P e Spcc tD (£>), we have (PD P ) tp D PD P . 
Then there exists z e (PD P ) tp = (PD P ) tp > = U{F VD \ F C PD P and F e 
f(D)}, but z i PD P . Hence, for some F C PD P and F e f(D), z € F VD \ 
PD P . Since F is finitely generated and F C PD P then, for some b € D\P, 
we have that bF C PD P n D = P. Therefore, bz e bF VD = (bF) VD C P tD = P, 
thus z e t _1 F C PD P , which is a contradiction. 

(<=). Assume that {PD P ) tp = PD P . Note that PD P = (PD P ) tp = (PD P ) tD 
D P tD . Henceforth, P = PD P n D D P tD n D = P tD , hence P = P tD . 

For the final statement we proceed as follows. Let PD P g Spec tDp (D P ) 
and let F be a finitely generated ideal of D contained in P, then F VD C 

(FD P ) VD C (FD P ) v °p C (PD P ) tp >p = PD P . Therefore P' D C PD P and so 

pt D = p □ 

Remark 4.11. The same proof given above (Lemma l4. 101 shows the follow- 
ing general statement: Let P, Q be two prime ideals of an integral domain 
D, then PDq g Spec* Q (Dq), for each prime ideal Q, with P C Q, if and only 

ifPeSpec tD {D). 

Remark 4.12. We emphasize that, in general, the semistar operation t P 
does not coincide with the (semi)star operation tn P , i.e. t P is not the t- 
operation on D P . For a prime i^-ideal P of D, the question of when the 
extended ideal PD P is a tn P -ideal was studied by M. Zafrullah in 1 20] and 
1211 (where the t^-primes P of D such that PD P is a t Dp -ideal were called 
well behaved prime t-ideals). 

For instance, if P is not a well behaved prime f-ideal of D, then neces- 
sarily PD P = (PD P ) tp C (PD P ) tD p . 

Using the same argument of the proof of the last statement of Lemma 
14. 101 note that, if PDq is a t Dq -ideal, for some prime ideal Q containing 
P) then P is a f-ideal of D. Therefore, using Remark 14. 1 11 we have: if 
Q e Spec(L>) satisfies Q D P and PD Q e Spec* D Q (Dq), then P e Spec* D (£>), 
and this happens if and only if for any Q e Spec(D), such that Q D P, we 
have PDq e Spec*«(L> Q ). 

Example 4.13. The set of all the t-prime ideals of an integral domain D 
induces a "natural" example for which condition (I) of Theorem 14. 61 holds. 
For each P e Spec(D), we consider on D P the set Vl P := Spec tp (D P ). Let u p 
be the spectral semistar operation on Dp, defined by Q P , i.e. uj p := *n P - 
From Remark |4. 1 11 we deduce immediately that Q p , n P^ C f2 p , for each 
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pair P, P' e Spec(D) such that P ^ P'. Therefore, the family of spectral 
semistar operations {lop \ P g Spec(D)} verifies condition (JJ. 

Corollary 4.14. Let D be an integral domain. Let wd ■= vd be the finite 
type spectral (semi)star operation on D, defined by the set Spec* D (£>) of all 
the t-prime ideals of D. For each P e Spec(D), set as usual w P := [wd)p 
and let wd p ■= vd~ p [respectively, lj p ] be the spectral semistar operation on 
Dp, defined by the set $pec tD f>(D P ) [respectively, Spec tp {D P )[. Then: 

w D = A{lu p I P £ Spec tD (L>)} = A{w p \ P € Spec tD {D)} = 

= A (':= A{i»„ | P e Spec(£>)}) < A (:= A{w n \ P e Spec(D)}) . 

Proof. From Theorem 14.61 fand Example 14. 131 . we have that A{lj p | P e 
Spec' D (D)} is the spectral semistar operation *n. where fl := {Q e Spec(Z3) | 
QD P e Spec tp (Dp), for some P e Spec* D (D)}. It is easy to see that ft = 
Spec tD (D), hence wd = *n = A{cj p | P e Spec'" (£>)}. Moreover, again from 
Theorem 14. 61 we have that w P = (*n)p = lop, for each P e Spec tD (D), hence 
A{w p | P e Spec tD (L>)} = A{uj p | P € Spcc t °( J D)} = w D . The last ineq uality 
in the statement is a consequence of Corollary 14.91 since by Lemma T4. 101 
T C ft and thus wd = < *t = A. □ 
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